Cylindrically Symmetric Spiraling Accretion in Power-law and Logarithmic
  Potentials by Bratek, Łukasz et al.
ar
X
iv
:1
90
6.
09
19
2v
1 
 [a
str
o-
ph
.H
E]
  2
1 J
un
 20
19
Draft version June 24, 2019
Typeset using LATEX default style in AASTeX62
Cylindrically symmetric spiralling and radial inviscid accretion
in power-law and logarithmic potentials
Łukasz Bratek,1 Joanna Jałocha,1 and Marek Kutschera2
1Institute of Physics, Cracow University of Technology, ul. Podchora¸żych 1, PL-30084 Kraków, Poland
2Institute of Physics, Jagiellonian University, PL-30059 Kraków, Poland
Abstract
We study cylindrically symmetric steady state accretion of polytropic matter spiralling onto the symmetry
axis in power-law and logarithmic potentials. The model allows to qualitatively understand the accretion process
in a symmetry different from that of the classical Bondi accretion. We study the integral curves as level lines
of some Hamiltonian and apply this method also to Bondi accretion. The isothermal solutions in power-law
potentials (as well as in any radius-dependent potential) can be expressed in exact form in terms of the Lambert
W function, while in the case of logarithmic potential exact solutions can be found for any polytropic exponent.
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1. INTRODUCTION
The radial steady flow of polytropic matter is well understood under spherical symmetry on the basis of Bondi model (Bondi
1952). There is also a generally-relativistic counterpart of the model better suited in close proximity of condensed objects (Michel
1972). In the context of Parker (1958) solar winds, Cranmer (2004) solved the model exactly for the isothermal case in terms of
the Lambert W function (Wright 1959; Corless et al. 1996). Recently, the Bondi model has been considered with other spherical
potentials of astrophysical interest. Jaffe (1983) and Hernquist (1990) spherical galactic models were supplemented with a point
source potential to effectively account for the central black hole and radiation pressure (Pellegrini et al. 2016; Ciotti & Pellegrini
2017, 2018).
In this paper we investigate accretion of polytropic matter onto the symmetry axis in the field of a cylindrically symmetric
potential. We neglect self-gravity and viscosity and assume the flow velocity is horizontal. Under cylindrical symmetry the
interesting issue is the rotation of the flow and thus it is necessary to consider accretion with non-zero angular momentum. We
call this kind of accretion a spiralling accretion to distinguish it from a simpler model of radial accretion onto the symmetry axis.
The simple model of spiralling accretion in some cylindrically symmetric potential might be helpful in approximate description
of massive thick accretion discs. The example of accretors with massive thick disk is provided by self-gravitating quasi-stationary
fluid tori rotating around spinless or spinning black holes (Karkowski et al. 2018). There is a body of evidence (Baiotti & Rezzolla
2017, and references therein) that massive tori may emerge in binary neutron stars or black hole-neutron star mergers. We think
that the gravitational potential of a system consisting of an accretor and a massive thick disk, might be better approximated by
a cylindrically symmetric potential rather than by a point mass potential at suitable distances outside the system and close to
the equatorial plane. We mean the regions where the effects due to finite vertical size can be neglected and where the spherical
potential of the accretor is deformed by the disk material. Furthermore, the approximating potential needs not to be interpreted as
entirely of the gravitational origin andmay effectively include also some non-gravitational phenomena in the accretion process. As
an example in the context of spherical Bondi accretion model, on can consider the radiation pressure due to scattering of electrons.
It is known that in the optically thin regime, the radiation can be easily accounted for at low accretion rates as a correction that
effectively reduces the amplitude of the point mass potential in Bondi model by some factor (Pellegrini et al. 2016).
Although the spiralling accretion model provides only approximate description, the usefulness of the model in astrophysical
situations seems clear. Moreover, solutions to simple models find practical use in testing numerical codes. For example, on
the occasion of developing magnetohydrodynamical simulation codes in cylindrical geometry, Skinner & Ostriker (2010) recover
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what they call a cylindrical version of Parker’s spherically symmetric wind (Parker 1958) using an adiabatic exponent 5/3 in a
power law-potential inversely proportional to the distance from the symmetry axis. In this case, they used contours of the mass
flux as a test for implementing cylindrical coordinates in the simulation codes.
As the approximating potentials in this paper we consider a class of power-law potentials x1−β enumerated with a single
parameter β and complete it by adding a logarithmic potential, which is natural to consider under cylindrical symmetry or as a
limit β→1 of power-law potentials (xr ∼1+r ln x as r→0). Considering the class of simple potentials allows to see in a single
setup how the flow picture is affected by the shape of the potential and the value of the polytropic exponent. The accretion problem
as formulated is simple. The resulting equations are easily tackled with. They define a dynamical system of which solutions
can be studied qualitatively and understood in analytical way. Unlike spherical accretion models referred to above, the spiralling
accretion model seems to have not been investigated in more detail so far.
We also investigate the simpler case of radial accretion. Although cylindrical accretion without angular momentum may seem
too simplistic from the astrophysical standpoint, it is interesting as an example of application of the mathematical tools we use
in this paper. The radial accretion model provides also a natural reference background for the purpose of comparison with the
spiralling accretion model. We find it easier to investigate the radial accretion model first and then obtain analogous results for
the spiralling accretion model. The radial model has also some other merits.
Both the Bondi radial accrtion model, and the cylindrical accretion model with or without angular momentum, belong to a class
of effectively one-dimensional models of stationary flow. They define their corresponding Hamiltonian systems which can be
studied with the help of the same mathematical tool. As we shall see, the Bondi model and the cylindrical radial accretion model
share similar types of phase portraits on the phase plane (albeit with different interpretation of the phase variables) that can be
classified by the signature of some Hessian matrix, which may be of the hyperbolic, parabolic or elliptic type. The critical values
of the free model parameters that demarcate various types of portraits are different in each model. The Hessian determinant, so
to say, detects some critical signatures of the flow. For example, as we will find, for the classical Bondi model critical is the
polytropic exponent value of α=5/3 at which the Hessian determinant vanishes and changes sign. We may recall that solutions
with α>5/3 were not considered by Bondi and they are regarded as unphysical (Shu 1991). We find that the critical polytropic
exponent is different in the cylindrical radial accretion model. It is variable, lower or greater than 5/3, depending on the exponent
β in the potential term. In particular, the phase portrait with the stationary hyperbolic point observed for the classical Bondi
accretion with α<5/3 (which includes physical solutions) is possible also with α>5/3 in the case of the cylindrical accretion.
Similarly, the phase portrait with the stationary elliptic point that comprises solutions we would consider unphysical in both
models, is also possible with α<5/3 in the case of cylindrical accretion.
An interesting feature of the cylindrical accretion model with α=1 and any β, is that it belongs to a class of models exactly
solvable in terms of the LambertW function, both for radial and spiralling accretion. More generally, it would be so for any other
accretion or wind problem reducing in the isothermal case to a unifying integral of the general form y−mK(x)+ln y−E(x)=0,
and this is the case for spiralling accretion in any radius-dependent potential (here y represents the density as a function of some
spatial variable x, whileK(x) and E(x) represent, respectively, the contribution from the kinetic term determined by the assumed
symmetry of the flow, and the contribution from the adopted potential term). In particular, in the context of accretion or wind
processes, it has been already known that exact solutions can be also found for the isothermal radial flow in the Bondi model
with the point mass potential (Cranmer 2004) as well as with other spherical potentials such as Jaffe or Hernquist potentials
(Ciotti & Pellegrini 2017).
Interestingly, in the case of spiralling accretion in the logarithmic potential, exact solutions can be found for arbitrary polytropic
exponent. This is particularly interesting for two reasons,first, because the radial accretion onto a thin string provides a cylindrically
symmetric counterpart of the classical Bondi accretion onto a point mass, secondly, because this correspondence can be extended
to cylindrical accretion with non-zero angular momentum for matter with arbitrary polytropic index. We give also two non-trivial
solutions for the radial and spiralling accretion expressible without the use of the W function.
Conventions. With Ro, Mo, ̺o and po, we denote the arbitrary scales of length, mass, density and pressure. The dimensionless
sonic constant υ2= Mo G ̺o
Ro po
can be set equal to unity for α>1. Then we can express one of the four dimensional constants by the
other three and use the following dimensionless quantities:
x=
R
Ro
, y(x)= ̺(R)
̺o
, w(x)= −vR(R)√
MoG
Ro
, u(x)= vφ(R)√
MoG
Ro
, c2(x)= ̺o
po
vs(R)=α yα−1(x), κ= A
Ro ̺o
√
MoG
Ro
.
Here, vR and vφ are the radial and the azimuthal components of the flow velocity in cylindrical coordinates, ̺ is the mass density,
vs= (p′(̺))1/2 is the speed of sound, and A is the accretion rate.
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2. GENERAL REMARKS ON THE RADIAL AND SPIRALLING ACCRETION
The hydrodynamical equations for a polytropic matter with horizontal flow velocity under cylindrical symmetry, imply in the
field of the assumed class of potentials the following first integrals
ǫ =
1
2
w
2
+
1
2
u2+U(x, y), λ= x u, κ= x y w, (1)
with constant parameters: ǫ (specific energy), λ (specific angular momentum) and κ (the accretion rate). The potential U(x, y) is
defined as
U(x, y)=

α
α−1 y
α−1− 1
β−1
1
xβ−1 , α>1, β >1, 1−α<γ/2< β−1
ln x+ α
α−1 y
α−1, α>1, β=1, γ <0
ln x+υ2 ln y, α=1, β=1, γ=0
υ2 ln y− 1
β−1
1
xβ−1 , α=1, β >1, γ >0
, γ :=4+(α+1)(β−3). (2)
Here, we have introduced a criticality parameter γ. For α=1= β there is no freedom of putting υ=1 and we must retain υ in the
equations (for symmetry we keep υ also in the other case with constant speed of sound). By referring to spiralling accretion or
flow, we mean horizontal velocity field with the azimuthal component satisfying precisely the inverse distance law u(x)=λ/x.
The vorticity vector of the spiralling flow vanishes, which means that the accretion is locally irrotational.
The three integrals of motion in equation (1) provide three constraints to be satisfied by four variables u, w, y and x. The
solutions cannot be given in analytical form unless α and β attain particular values. Nevertheless, the solutions can be still
investigated qualitatively with basic methods. Using the last two integrals, we eliminate the velocities from the first one and
consider the following unifying integral
F(x, y)≡ 1
2
κ2
x2y2
+
1
2
λ2
x2
+U(x, y)=ǫ, x>0, y>0. (3)
Regarded as a function of two independent variables, F(x, y) describes an energy surface over the phase plane (x, y). Solutions
given in the implicit form F(x, y)=ǫ can be then visualized as level lines. This problem can be reinterpreted as a Hamiltonian
system with x being the position variable, y the momentum canonically conjugate to x, and F(x, y) playing the role of a
Hamiltonian:
Ûx= {x, F}=∂yF(x, y), Ûy= {y, F}=−∂xF(x, y).
By choosing other pairs of independent variables, other Hamiltonians would be possible to start with, and later we give examples
where it would be more appropriate to consider x and y as functions of w or x and w as functions of y, in which case the exact
solutions are easier to find. This method might have turned out fruitful when applied also to other accretion problems.
Since ∂tF=0 for the Hamiltonian (3), F is conserved for solutions, consistently with the method of level lines. The equation
F(x, y)=ǫ can be solved locally for y if ∂yF(x, y),0. Then Ûx(t),0, and the integral curve (x(t), y(t)) can be re-parametrized and
represented as y(x), in which case y′(x)≡−∂xF/∂yF along that curve. Breaking the regularity condition ∂yF(x, y),0 at some
point means the occurrence of a density shock. Wherever ∂yF(x, y)=0 and ∂xF(x, y),0 at some point, then y′(x) diverges at
that point, which we therefore call a shock point. In the neighbourhood of that point, we may represent the solution in a reversed
form x(y) parametrized with y. The locus of all possible shock points lying entirely on the energy surface we call a shock curve.
Parametrized with x the shock curve reads:
y=Y(x), z=Z(x)≡F(x,Y(x)), provided that ∂xF(x,Y(x)),0,
where
Y(x)=
(
κ2
α x2
) 1
α+1
for α>1, and Y(x)= κ
υx
for α=1.
Since ∂yU(x, y)= y−1c2(y) both for α>1 and α=1, the radial velocity on the shock curve equals the speed of sound: c2(Y(x))=
w
2(x,Y(x)). Therefore, we define a sonic curve as the locus of all points of the phase plane where the accretion velocity equals
the speed of sound. Unlike for the shock curve, we also allow points for which ∂xF(x,Y(x))=0. The sonic curve divides the
phase plane (x,w) into two parts. Above that curve solutions are supersonic, below that curve solutions are subsonic, while on
the (x, y) phase plane the converse applies. Note that the total velocity is supersonic at the shock points in the case of spiralling
flow. The condition ∂xF(x, y),0 in the definition of shock curve is important. Sonic points where both ∂yF=0 and ∂xF=0 are
stationary points of the energy surface. Although then Ûy and Ûx both vanish, their ratio y′(x) becomes a 00 indeterminate expression
that may evaluate to a finite number as a limit. In the case of a hyperbolic stationary point, the solution y(x) crossing the sonic
curve at that point has finite derivative y′(x) and the stationary point should be considered as a regular sonic point.
4 Bratek et al.
3. QUALITATIVE ANALYSIS OF SOLUTIONS (α>1, β >1)
The form of the Hamiltonian allows to express solutions in terms of known functions only in particular cases. Therefore, we
focus more on the qualitative properties of solutions for α>1 and β>1. There are several useful identities satisfied byZ(x). The
first is the inhomogeneous second order differential equation
(1+α) x2Z′′(x)+(5 α−3+γ) x Z′(x)+2 (α−1) (β−1)Z(x)=2 (3−β) λ
2
x2
.
The method of solving such equations distinguishes the case when there is a multiple solution to the discriminant equation for the
characteristic roots or when such a root equals the exponent in the inhomogeneous term (the characteristic roots are r=1−β<0
and −2< r=−2α−1
α+1 <0). The first case occurs for α and β constrained by the condition γ=0. Note, that Z(x) in equation (6.1)
does not involve the independent solution ln x
xβ−1 possible in this case. The second case occurs when β=3 (or γ=4). Then the
inhomogeneous term disappears from that equation, however the centrifugal term is still present in the general integralZ. There
is also a third case (α−1)(β−1)=0 when one of the roots or booth are zero. The three possibilities will be investigated separately.
Next two identities are satisfied by the invariants of the Hessian matrix evaluated on the shock curve:
det [∂2ijF(x, y)]

y=Y(x) =
α+1
κ2 x2
(
α κα−1 x2
) 4
1+α Z′′(x)
Tr[∂2ijF(x, y)]

y=Y(x) =Z′′(x)+
2
κ
(
α κα−1
xα−1
) 3
1+α
(
Ξ+
1
Ξ
)
, Ξ=
1+α
2
( α
κ2
x3+α
) 1
α+1
,
where ∂2
ij
F(x, y) is shorthand notation for the Hessian matrix
∂2ijF(x, y)≡
[
∂2xxF ∂
2
xyF
∂2yxF ∂
2
yyF
]
.
It follows from the above identities that: a local maximum ofZ is a hyperbolic stationary point of the Hamiltonian, while a local
minimum of Z is an elliptic stationary point of the Hamiltonian. One can also infer that the only non-zero eigenvalue of the
Hessian is positive at the inflection point ofZ(x) at whichZ′′(x)=0. If additionallyZ′(x)=0 at that point (stationary inflection
point), the corresponding stationary point of the Hamiltonian is parabolic. For later use, we give also the following identities
Z′(x)+ 2
x
Z(x)= β−3
β−1
1
xβ
+
2
α−1
(
ακα−1
) 2
1+α
x−
3α−1
1+α , Z′′(x)+ 3
x
Z′(x)= 3−β
xβ+1
− 4
1+α
(
α κα−1
) 2
1+α
x−
4α
1+α . (4)
Turning points. The shock curve is also the locus of turning points (which we regard as terminating points of the solutions
y(x)). Let us investigate the local behaviour of the inverse solutions x(y) in the vicinity of a shock point. It suffices to consider
only the second derivative x′′(y), because ∂yF=0 and ∂xF,0, and so x′(y)=0 at the shock point. In this case we obtain
x′′(y)|Y(x)=−
(
∂2yyF/∂xF
)
|Y(x)+(. . . ) where we have neglected terms vanishing on the shock curve denoted with dots. From
this we infer that the curvature of an integral curve crossing the shock curve may change its sign only at a stationary point since
∂2yyF >0 on the shock curve. For non-stationary points, we can determine the sign of x
′′(y) at a given turning point from
x′′(y)

y=Y(x) =−
∂y,yF(x, y)
∂xF(x, y)

y=Y(x) =
(
α κα−1
) 4
1+α 1+α
κ2
x
5+α+γ
1+α
x
γ
1+α
(
α κα−1
) 2
1+α
+x
γ−4
1+α λ2−1
. (5)
The shock point is either convex or concave turning point if this sign is positive or negative, respectively. In other words, if x(y) is
convex at the shock point, then the subsonic and the supersonic branch of x(y) converge one toward another with decreasing radius
in some right neighbourhood of that point. If x(y) is concave then the two branches diverge one from another with decreasing
radius in some left neighbourhood of the shock point. If there is no an isolated stationary point, all of the shock points are either
left or right turning points.
The asymptotics. We may establish the following inequality satisfied by solutions
1
2
α+1
α−1
(
α κα−1
) 2
1+α
6
1
β−1 x
− γ1+α +x
2 (−1+α)
1+α ǫ− λ
2
2
x−
4
1+α . (6)
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We prove it by noticing that for a fixed x the y-dependent part in F(x, y) is bounded from below by its value on the shock curve.
If the inequality is violated at some x, the level line does not cross the line of constant x on the phase plane. In this model the
solutions may be spatially bounded or extend out to infinity. In the latter case, of interest is the behaviour of the solutions in the
limit x→+∞, and we may distinguish three cases depending on the sign of ǫ:
1. For ǫ <0 no solution may extend out to infinity, because the term on the right of the above inequality diverges to −∞.
2. For ǫ =0 solutions may extend out to infinity provided either γ <0, or both γ=0 and ακα−161. Since the positive terms in
F(x, y) must be all zero if ǫ =0, then both y→0 and w→0, such that x y→∞ as x→∞.
3. For ǫ >0 the asymptotics of the solutions extending out to the infinity can be found in the following way. We suppose
that w2=0 or w2>0 at infinity and then we infer that y=0 or y= y∞ >0. In the former case we assume y∼ x−r and in the
latter that y∼ y∞(1+u), and expand to second order, assuming |u| ≪1. This way we find that for ǫ >0 the density function
behaves at infinity in two ways. There is a supersonic branch for which
y(x)∼ |κ |
x
√
2ǫ
, w(x)∼
√
2ǫ (7)
and a subsonic branch for which
y(x)∼
(
α−1
α
ǫ
) 1
α−1

1+ 1(α−1) (β−1) ǫ
1
xβ−1, 1< β<3
1+
1−λ2− κ2
(α−1α ǫ) 2α−1
2 (α−1) ǫ
1
x2
, β=3
1−
λ2+ κ
2
(α−1α ǫ) 2α−1
2 (α−1) ǫ
1
x2
β>3
, w(x)∼ κ
x
(
α
(α−1)ǫ
) 1
α−1
. (8)
Solutions in the proximity of the centre. With the use of the inequality (6) we may draw conclusions also in this region. For γ <0
neither radial nor spiralling solutions are possible below some finite radius. The radial flow may reach the center if γ >0 or when
γ=0 at small enough accretion rate ακα−161. As to the spiralling flow there are three cases which we consider: a) for 06 γ <4
and x small enough the centrifugal term in (6) is dominating and repels matter from the centre; b) for γ=4 matter may reach the
centre only for angular momenta low enough, such that λ2<1; c) for γ >4 the centrifugal term is too weak compared with the
attractive term for any λ and matter may reach the centre.
One can make also some predictions concerning the way the solutions approach the center. As an example we consider
the subsonic branch of radial accretion. In this case the limiting solution can be also predicted perturbatively. For this
purpose it is easier to consider the Hamiltonian F(x, κ
x w
) expressed in terms of phase variables (x,w). We substitute the ansatz
w(x)∼axs(1+bxr) and find the unknown parameters in the linear approximation with respect to parameter b, assuming s>0 an
r >0. The resulting limiting expressions for the subsonic branch reads
y(x)∼
(
1
α
α−1
β−1
) 1
α−1
x
β−1
α−1
(
1+ǫ
β−1
α−1 x
β−1
)
, w(x)∼ κ x
β−α
α−1(
1
α
α−1
β−1
) 1
α−1
(
1−ǫ β−1
α−1 x
β−1
)
, λ=0, γ >0 (xց0).
We have verified that the second order term in the expansion method tends to 0 if β>α, and no reservation was necessary for the
upper bound of γ. It follows from the limiting solutions, that the density y(x) always diverges as x→0, while the radial velocity
w(x) converges to 0 for β>α or to a finite value κ δ 1δ−1 for α= β=δ>1, and diverges to +∞ for α> β.
4. RADIAL ACCRETION IN THE POWER-LAW POTENTIAL (α>1, β >1)
In what follows we present a more detailed analysis of solutions in the simpler case of radial accretion. Then we will describe
similar results for spiralling accretion to see what change to the phase diagram pictures of the radial flow is introduced by the
centrifugal term.
6 Bratek et al.
4.1. polytropic exponent α>1
With the star sign we denote the quantities at the stationary point of the Hamiltonian:
x⋆=
1(
α κα−1
) 2
γ
, y⋆ :=Y(x⋆)= κ
(
α κα−1
) 3−β
γ
, ǫ⋆ :=Z(x⋆)= γ
2
(
ακα−1
) 2(β−1)
γ
(α−1)(β−1) , γ,0.
For α>1, β>1 and λ=0 the shock curve is defined for x, x⋆ and reads:
y=Y(x), Z(x)=

1
2
α+1
α−1
(
ακα−1
) 2
α+1 x−2
α−1
α+1 − 1
β−1 x
−(β−1) for γ,0,
1
2
α+1
α−1
[ (
α κα−1
) 2
α+1 −1
]
x−2
α−1
α+1 for γ=0 ∧ α κα−1,1.
For α and β being fixed, the energy ǫ⋆ is a function of the accretion rate κ. Similarly, regarding ǫ as a parameter, we may define
a critical accretion rate κ⋆ obtained by inverting the previous formula for ǫ⋆:
κ⋆=
1
α−1√α
( ǫ
Γ
)Γ
, Γ=
γ
2(α−1)(β−1), (sgn(ǫ)=sgn(γ)). (9)
As we have noticed earlier, shock points coincide on the phase plane with sonic points. This happens for γ,0 and for
γ=0 ∧ ακα−1,1. For γ=0 and ακα−1=1 there is a simple solution which overlaps with the sonic curve:
y(x)=α− 1α−1 x− 2α+1 , κ=α− 1α−1 , β= 3 α−1
α+1
, ǫ =0. (10)
This is a regular sonic solution describing radial sonic accretion with no shocks (despite the fact that ∂yF=0 for that solution).
Coming back to general exponents α and β, the expression (5) for x′′(y) on the shock curve simplifies to
x′′(y)|y=Y(x)=
1+α
κ2
(
ακα−1
) 4
α+1

x
γ+α+5
α+1(
x
x⋆
) γ
α+1 −1
, γ,0
x
α+5
α+1
(ακα−1) 2α+1 −1
, γ=0 ∧ ακα−1,1.
Accordingly, for γ <0, the function x(y) representing a solution in the neighbourhood of the shock point where x(y) intersects the
shock curve, is convex for x< x⋆ or concave for x> x⋆, and for γ >0 the converse is true.
The intersection points of the shock curve with the plane of constant specific energy, determine the position of shock sonic
points of a given level curve (corresponding to positive roots of the equationZ(x)=ǫ). The number of such points depending on
ǫ can be easily established based on the behaviour of functionZ(x). For γ,0, the x⋆ is the only local extremum ofZ(x):
Z(x⋆)=ǫ⋆, Z′(x⋆)=0, Z′′(x⋆)=−γ
(
α κα−1
) 2(1+β)
γ
1+α
, γ,0.
The point is a local minimum (ǫ⋆<0 for γ <0) or a local maximum (ǫ⋆>0 for γ >0). The extrema of Z(x) are global, because
for γ <0: Z(x)ր+∞ as xց0 and Z(x)ր0 as xր+∞, while for γ >0: Z(x)ց−∞ as xց0 andZ(x)ց0 as xր+∞. For
γ=0 and ακα−1,1 there are no extrema andZ(x) is monotone with constant sign: for ακα−1<1 the function diverges to −∞ as
xց0, andZ(x)ր0 as xր+∞; while for ακα−1>1 the function diverges to +∞ as xց0 andZ(x)ց0 as xր+∞. From this
analysis it follows that except for the regular sonic solution shown in equation (10), the number of shock sonic points can be 0, 1
or 2, depending on the shape of the energy surface and the position of the sectional plane of constant specific energy.
So far we have considered solutions close to shock points. By examining the geometry of the energy surface we can make an
insight into the global structure of solutions. Crucial is the shape of the surface in the neighbourhood of the stationary point. The
shape can be inferred based on the eigenvalues of the Hessian matrix evaluated at that point. Accordingly, with the help of the
following result
∂xF=0, ∂yF=0, ∂
2
xxF=
4−γ
α+1
(
ακα−1
) 2(1+β)
γ
,
det [∂2ijF(x, y)]=−
γ
κ2
(
ακα−1
) 6(β−1)
γ
at x= x⋆, y= y⋆, (11)
Cylindrically symmetric spiralling accretion 7
we can distinguish three cases (remembering that α>1 and β>1):
i). For γ <0 the stationary point is an elliptic point, in this case it is a local minimum below zero, ǫ⋆<0. Then, for −|ǫ⋆ |<ǫ <
−|ǫ⋆ |+δ<0 and δ>0 small enough, the level lines are loops (shrinking to a point as δ→0) with turning points at shock sonic
points. For ǫ >0 there is only one shock sonic point which is a convex turning point with two solutions extending out to spatial
infinity – one subsonic the other supersonic.
ii). For γ >0 the stationary point is a hyperbolic (or saddle) point with positive energy ǫ⋆>0. Because x⋆ is the global maximum
on the shock curve for γ >0, the energy surface is curving downward in both directions along that curve (and upward in the
perpendicular direction). Therefore, for energies lower than the maximum (0<ǫ⋆−δ<ǫ <ǫ⋆) the integral curves with turning
points – concave on the left and convex on the right of x⋆ – form two disjoint branches of regular solutions crossing the shock
curve on the opposite sides of x= x⋆ and terminating at their respective shock sonic points. For energies higher than the maximum
(ǫ⋆<ǫ <ǫ⋆+δ) there are no turning points. Then there is a subsonic regular solution and a regular supersonic solution, both
extending from x=0 out to x=∞. When ǫ =ǫ⋆, we obtain two separatrices as regular solutions which cross each other at the
stationary point (which is a regular sonic point) and changing their character at that point from regular subsonic to regular
supersonic accretion (or vice versa). For ǫ <0 there is only one shock point which is a concave turning point with two solutions
extending toward the center on the left of that point, one subsonic and the other supersonic. The position xo of the single shock
sonic point on the sectional plane in the limit as ǫր0, is given by
xo=
x⋆[
1+ γ2(α−1)
] α+1
γ
< x⋆, β >1.
As an example, we can consider an analytical solution with shock points and with features of the phase diagram characteristic
for the γ >0 case. For α=δ= β, δ>1 (γ= (δ−1)2>0), the solution can be found in a parametric form, with the radial velocity w
playing the role of the free parameter enumerating points along the integral curves:
x(w)= κ
w
©­­«
δ −(w/κ)δ−1
(δ−1)
(
ǫ− 12 w2
) ª®®¬
1
δ−1
, y(w)= κ
w x(w) . (12)
Since γ >0 for this solution, the corresponding phase diagram possesses a stationary hyperbolic point corresponding to energy
ǫ⋆= 12 κ
2 δ2/(δ−1) with associated two regular global solutions crossing with the shock curve at that point (the solutions correspond
to the 0/0 singularity of the above expression for x(w), and one of them attains the simple form y(x)=
(
x
δ−1√
δ
)−1
).
iii). For γ=0 there is only a single shock sonic point present if ακα−1,1, located at x= x⋆⋆, where
x⋆⋆=

(
ακα−1
) 2
α+1 −1
2 ǫ α−1
α+1

α+1
2(α−1)
,
(
ακα−1−1
)
ǫ >0.
For ǫ <0 and ακα−1<1 it is a concave turning point with two solutions on the left of that point. For ǫ >0 and ακα−1>1 it is
a convex turning point with two solutions on the right of that point, one subsonic and the other supersonic, extending from the
common turning point out to the spatial infinity. For ακα−1=1 solutions are regular (without shock points) filling all of space:
there is a single sonic solution for ǫ =0 given in equation (10), or a pair of solutions— supersonic and subsonic for ǫ ,0 bifurcating
from the previous solution.
Since the vector field [∂xF, ∂yF] is everywhere non-zero except at the stationary point, the qualitative picture sketched in this
section should be valid globally without any new qualitative features. The example contour lines of the energy surface representing
the solutions on the (x, y) plane as well as on the (x,w) plane are sketched in the figures given in section 6 together with similar
diagrams for spiralling flow. Three types of solutions are shown for some example values of parameters α and β chosen such that
they satisfy, respectively, the conditions: γ <0 (phase portraits with the elliptic stationary point), γ=0, and γ >0 (phase portraits
with the hyperbolic stationary point). The observations of the present section are summarised in table 1 where a detailed analysis
of the number and kind of sonic points for various combinations of the integration constants κ, ǫ and parameters α, β is presented.
4.2. polytropic exponent α=1 (γ=2(β−1)>0)
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power-law potentials
β>1 accretion specific shock sonic points
disc region
α>1 rate energy # position
γ <0 κ >0
ǫ < ǫ⋆<0 —— —— ——
ǫ =ǫ⋆<0 (1) xa= x⋆= xb x= x⋆
ǫ⋆<ǫ <0 2 xo < xa < x⋆< xb <∞ xa < x< xb
ǫ =0 1 xa= xo xa < x<∞
ǫ >0 1 0< xa < xo xa < x<∞
γ=0
κα−1> 1α
ǫ <0 —— —— ——
ǫ > 0 1 xa= x⋆⋆∝(
√
ǫ)− α+1α−1 xa < x<∞
κα−1= 1α
ǫ <0 —— —— ——
ǫ =0 0 global sonic accretion y(x)=α 11−α x− 21+α , x>0
ǫ >0 0 sub- or super-sonic accr. 0< x<∞
κα−1< 1α
ǫ 6 0 1 xa = x⋆⋆∝(
√−ǫ)− α+1α−1 0< x< xa
ǫ >0 —— —— ——
γ >0 κ >0
ǫ <0 1 0< xa < xo 0< x< xa
ǫ =0 1 xa= xo 0< x< xa
0<ǫ <ǫ⋆ 2 xo < xa < x⋆< xb <∞ 0< x< xa, xb < x<∞
ǫ =ǫ⋆>0 (1) x⋆-centred separatrices 0< x6 x⋆6 x<∞
ǫ > ǫ⋆>0 0 sub- or super-sonic accr. 0< x<∞
β>1 accretion specific shock sonic points
disc region
α=1 rate energy # position
γ >0 κ >0
ǫ < ǫ⋆ 2 xa < x⋆< xb 0< x< xa, xb < x<∞
ǫ =ǫ⋆ (1) x⋆-centred separatrices 0< x6 x⋆6 x<∞
ǫ > ǫ⋆ 0 sub- or super-sonic accr. 0< x<∞
logarithmic potential
β=1 accretion specific shock sonic points
disc region
α>1 rate energy # position
γ <0 κ >0
ǫ < ǫ⋆ —— —— ——
ǫ =ǫ⋆ 1 xa = x⋆ x= x⋆
ǫ > ǫ⋆ 2 0< xa < x⋆< xb <∞ xa < x< xb
β=1 speed specific shock sonic points
disc region
α=1 of sound energy # position
γ=0
υ<1 ǫ 1 xa 0< x< xa
υ=1
ǫ < ǫ˜ —— —— ——
ǫ = ǫ˜ 0 global sonic accr. y(x)= κ/x, x>0
ǫ > ǫ˜ 0 sub- or super-sonic accr. 0< x<∞
υ>1 ǫ 1 xa xa < x<∞
Table 1. Qualitative properties of cylindrical radial accretion in the power-law potential (β>1) and in the logarithmic potential (β=1) discussed
separately for α>1 and α=1. The number of shock sonic points is shown in columns marked with # (if the sonic point is regular the number
is parenthesised). Only those of shock sonic points are indicated which are located at a non-zero finite distance from the centre: 0< x<∞).
Parameters xa and xb are the roots of the equation Z(x)=ǫ and represent the positions of two shock sonic points (if there is only a single
solution then it is denoted by xa). Parameter xo is the root of the equation Z(x)=0. Parameters x⋆, x⋆⋆ and ǫ⋆ are defined in the respective
sections of the text.
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According to equations (2), and (3) in this case the first integrals can be recast in a single unifying form
F(x, y)≡ 1
2
κ2
x2y2
− 1
β−1
1
xβ−1
+υ2 ln y, x>0, y>0. (13)
Finding the level lines of constant specific energy ǫ for the above form of F(x, y) with the logarithm leads to a more general
problem (characteristic of various accretion problemswith α=1) which is to find a solution y(x) to an equation with the following
general structure
y
−mK(x)+ln y−E(x)=0. (14)
In this case, the solution y(x) can be found in an exact form expressible in terms of a transcendental analytic function (the same
concerns the case with x, y interchanged, which we consider later, when we obtain a reversed solution x(y)). By substituting
ln y= 1
m
ω+E(x) we obtain an equation ω eω=−mK(x) e−m E(x) for a new unknown ω. Knowing that W(ω eω)≡ω by definition
of the (multivalued) Lambert W function, we obtain
y(x)=exp
[
E(x)+ 1
m
W
(
−mK(x) e−m E(x)
)]
, (15)
which solves equation (14). The Lambert W function has found many applications in the literature although its presence often
goes unrecognised, as noticed by Corless et al. (1996) who collect many available results on that function. On the real line ξ,W(ξ)
attains real values for ξ >− 1
e
. It is a negative double-valued function for − 1
e
<ξ <0 in the region of interest here. The principal
branch satisfying W(x)>−1 is denoted by W0(x), and the branch satisfying W(x)6−1 by W−1(ξ). For ξ >0 not of interest here,
W−1(ξ) is positive. On identifyingK(x)= 12 κ
2
x2υ2
and E(x)= 1
υ2
(
ǫ+ 1
β−1
1
xβ−1
)
we find that
y(x)=exp
[
1
υ2
(
ǫ+
x1−β
β−1
)
+
1
2
W
(
− κ
2
x2υ2
exp
[
− 2
υ2
(
ǫ+
x1−β
β−1
)] )]
in the particular case of F(x, y) defined in equation (13). In order to obtain complete level lines we must use both branches of
function W in this expression for y(x).
The analysis which follows is quite analogous to that of the previous section 4.1, though we will limit ourselves to presenting
the results only. With the Hamiltonian (13) there is a single stationary point of the energy surface
x⋆=υ
− 2
β−1 , y⋆= κ υ
3−β
β−1 , ǫ⋆=
υ2
2
ln
©­­«κ2
(
υ2
e
) 3−β
β−1 ª®®¬.
The corresponding critical accretion rate κ⋆ for solutions with given specific energy ǫ is
κ⋆=υ
β−3
β−1 exp
(
ǫ
υ2
+
3−β
2(β−1)
)
.
The stationary point is hyperbolic, because the Hessian determinant is negative at that point
det [∂2ijF(x, y)]

x=x⋆
y=y⋆
=−2(β−1)υ
6
κ2
<0.
As previously, the shock curve is defined as a subset of the energy surface determined by the constraint F,y(x, y)=0 for x, x⋆,
hence, parameterized with x, that curve reads
y=Y(x)= κ
υ x
, Z(x)≡F(x,Y (x))= 1
2
υ2+υ2 ln
( κ
υ x
)
− 1
β−1
1
xβ−1
.
The stationary point is the global maximum on the shock curve as x→ x⋆: the statement follows from the fact thatZ′(x⋆)=0 and
Z′′(x⋆)=−(β−1)υ 2(β+1)β−1 <0 (note also thatZ(x)→−∞ as x→0 or x→+∞). The turning points of integral curves represented as
level lines x(y) (for which x′(y)=0 on the shock curve) are concave for x< x⋆ and convex for x> x⋆ as seen from the expression
for x′′(y) evaluated on the shock curve
x′′(y)|y=Y(x)=
2υ4 x2+β
κ2
( (
x
x⋆
)β−1−1) .
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Projected onto the (x, y) plane, the shock curve overlaps with the sonic curve y(x)= κ
υ x
defined as one for which w(x, y)=υ. A
variety of position-density and position-velocity phase diagrams for various β is presented in section 6 where the diagrams for
the radial accretion is compared with the corresponding diagrams for the spiralling accretion. The shape of the level lines on this
plane are qualitatively the same as level lines for the accretion in power-law potentials with γ >0, the difference concerns only the
number of shock points as function of ǫ , as can be seen in table 1.
5. APPLICATION TO BONDI MODEL
The same analysis as we have carried out for the radial cylindrical accretion can be applied to Bondi accretion (spherically
symmetric radial accretion in the Newtonian potential). We also use the same convention for units remembering that now x
represents the radial variable in spherical coordinates. The Bondi accretion can be described by the Hamiltonian function
F(x, y)= 1
2
κ2
x4y2
+
α
α−1 y
α−1− 1
x
, x>0, y>0.
The important change in comparison with the cylindrical accretion is in the kinetic term. It is due to different geometrical
interpretation of the radial variable x (the continuity integral now reads w(x, y)x2y= κ). The Hessian determinant evaluated at
the stationary point (x⋆, y⋆) of the integral distinguishes α=5/3 as the critical value of the polytropic exponent:
det [∂2ijF(x, y)]

x=x⋆
y=y⋆
=−(5−3α)
(
α(4κ)α−1) 25−3α
x⋆3y⋆2
.
The resulting specific energy at the stationary point for Bondi accretion is ǫ⋆= 5−3α4(α−1)x⋆ with x
⋆
=
(
2
α+1
2 α κα−1
)− 25−3α
, y⋆=(
κ2
α (x⋆)4
) 1
α+1
. The corresponding critical accretion rate κ⋆ for solutions with given specific energy ǫ is
κ⋆=
((
α 2
α+1
2
)−1 (4 ǫ (α−1)
5−3 α
) 5−3α
2
) 1
α−1
. For α<5/3 the stationary point is hyperbolic and it is also the global maximum on the shock sonic curve
Z(x)= 1
x
(
1
2
α+1
α−1
(
α κα−1
) 2
1+α
x
5−3α
1+α −1
)
.
For α>5/3 the stationary point is elliptic and it is the global minimum of the energy surface. In both cases, below and above
α=5/3, the structure of solutions on the phase plane (x, y) is qualitatively the same as for cylindrical radial accretion in power-law
potentials with γ >0 or γ <0, respectively. The case of critical exponent α=5/3 corresponds to critical parameter γ=0 of
cylindrical radial accretion. Again, the structure of solutions is qualitatively the same – for Bondi accretion there is a limiting
value κ5/3= 320
√
3/5 delineating solutions with single sonic shocks (present for κ, κ5/3) from global accretion solutions with no
shocks (for κ= κ5/3). The limiting value κ5/3 for Bondi accretion can be obtained by requiring thatZ′(x)≡0.
For α=1, the Hamiltonian attains the form
F(x, y)= 1
2
κ2
x4y2
+υ2 ln y− 1
x
=ǫ, x>0, y>0. (16)
Again, similarly to the cylindrical case with α=1, the above equation possess the general form of equation (14), therefore
the solution y(x) can be found in an exact form (note, the formal difference in the kinetic and potential term when compared
with the cylindrical counterpart eq.(13)). On substituting y(x)=exp
(
1
2ω(x)+ 1υ2
(
ǫ+ 1
x
))
in equation (16), it follows that ω eω=
− κ2
υ2x4
exp
(
− 2
υ2
(
ǫ+ 1
x
))
. Since W(ω eω)≡ω by the defining property of the Lambert W function, we obtain the following radial
profile:
y(x)=exp
[
1
υ2
(
ǫ+
1
x
)
+
1
2
W
(
− κ
2
x4υ2
exp
[
− 2
υ2
(
ǫ+
1
x
)] )]
.
It depends on two integration constants ǫ and κ (the formal distinction between accretion and winds lies in the sign of κ which is
important in the sign of the inflow velocity: w(x)= κ
x2y(x) – in our notation κ <0 for winds and κ >0 for accretion). All information
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about the classical Bondi accretion or Parker’s winds with the polytropic exponent α=1 is contained in the above formula. The
first application of the Lambert function in the context of classical Bondi model was given by Cranmer (2004) who solved exactly
the classical Parker’s solar wind problem for an isothermal plasma. For other spherical potentials in the context of Bondi model
see (Ciotti & Pellegrini 2017).
6. SPIRALLING ACCRETION IN THE POWER-LAW POTENTIAL (α>1, β >1)
The centrifugal potential present in the general form of the Hamiltonian F(x, y) in equation (3) accounts for the dynamical effect
of the conservation of specific angular momentum. This term plays a substantial role close to the centre. As a result, the phase
diagram pictures in this region may be deformed to such extent so that new qualitative features (like additional shock points) may
appear not observed in the case of radial accretion.
6.1. Spiralling accretion for α>1 and β>1
For λ,0 the corresponding unifying integral defining the energy surface F(x, y) is given by
F(x, y)= 1
2
κ2
x2y2
+
1
2
λ2
x2
− 1
β−1
1
xβ−1
+
α
α−1 y
α−1, x>0, y>0. (17)
The shock curve is accordingly also modified by the centrifugal potential
y=Y(x), Z(x)≡F(x,Y(x))= 12
λ2
x2
+

1
2
α+1
α−1
(
ακα−1
) 2
α+1 x−2
α−1
α+1 − 1
β−1 x
−(β−1) for γ,0,
1
2
α+1
α−1
[ (
α κα−1
) 2
α+1 −1
]
x−2
α−1
α+1 for γ=0 ∧ α κα−1,1.
The function Z(x) is sketched in figure 1 for several values of the parameter λ, including critical ones. The number of shock
points is equal to the number of separate real roots of the equationZ(x)=ǫ .
Figure 1. The level functionZ(x) of the shock curve sketched for a fixed γ (0<γ <4) and several values of λ about its critical value λsfl: λ>λsfl
(the curve with no extrema), λ=λsfl (the curve with the stationary inflection point), λ<λsfl (two curves with a minimum and a maximum), and
λ=0 – the case of radial accretion (the envelope curve of remaining curves).
A) Spiralling accretion for γ >4 (α>1, β>3). The functionZ(x) starts from −∞ (Z(x)ց−∞ as xց0) and then it is increasing
until it attains a global maximum which is positive (this is the only extremum and one infers from equations (4) thatZ(x)>0 and
Z′′(x)<0 at the extremum). Then the function is decreasing andZ(x)ց0 as xր+∞. The shock curve is thus qualitatively the
same as the one for the radial flow (λ=0) with γ >0. The only stationary point of the energy surface coincidingwith the extremum
is hyperbolic. From this we conclude, that for γ >4 the phase diagram of the spiralling flow on the (x, y) or (x,w) phase planes
will be qualitatively similar to the corresponding phase diagrams of the radial flow. This can be seen in figure 2.
B) Spiralling accretion for γ=4 (α>1, β=3). For γ=4 the exact solution can be found, however in the reversed form
x(y)= 1
y
√
κ2+
(
λ2−1) y2
2
(
ǫ− α
α−1 y
α−1) , w(y)= κy w(y) . (18)
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Figure 2. α>1, β>3 (γ >4) ⋄Radial and spiralling cylindrical accretion of polytropic matter in the power law potential illustrated with example
level lines of the energy surface, shown in the position-density (x, y) and in the position-velocity (x,w) phase planes. 1st: density function for
radial accretion (λ=0), 2nd: radial velocity for radial accretion (λ=0), 3rd: density function for spiralling accretion (λ>0), 4th: radial velocity
for spiralling accretion (λ>0). The figures were prepared by assuming α< β. The shock curve is shown with the dashed line (also in all other
phase diagram figures that follow).
Figure 3. α=1, β>3 (γ >4) ⋄ Radial and spiralling cylindrical accretion of isothermal matter in the power law potential. The diagrams
correspond with the same parameters to respective diagrams in figure 2.
The constant density solution not included above reads (with a parameter φ enumerating admissible λ)
u(x)= sin φ
x
, w(x)= cos φ
x
, y(x)=
(
α−1
α
ǫ
) 1
α−1
at λ=sin φ, κ=
(
α−1
α
ǫ
) 1
α−1
cos φ>0.
In order to describe the solution (18) qualitatively, we must consider three cases:
i) λ2<1. The function Z(x) starts from −∞ (Z(x)ց−∞ as xց0) and then it is increasing, attains its 0 at x=(
α−1
α+1
(
1−λ2) ) 1+α4 1√
α κα−1
then it still grows until it attains a global maximum α κ
α−1
α−1
(
1−λ2) 1−α2 >0 at x= (1−λ2) 1+α4√
α κα−1
. Then
the function is decreasing andZ(x)ց0 as xր+∞. The shock curve is qualitatively the same as the one for the radial flow (λ=0)
with γ >0. The stationary point at the maximum is hyperbolic. From this we conclude, that for γ=4 the phase diagram of the
spiralling flow on the (x, y) plane is qualitatively similar to the phase diagram of the radial flow with γ >0.
ii) λ2=1. In this case the potential term is cancelled by the centrifugal term. The functionZ(x) starts from +∞ (Z(x)ր+∞
as xց0) and then it is monotonically decreasing until it attains 0 at x=+∞. In this case the function F(x, y) is positive and we
must set ǫ >0. The level lines F(x, y)=ǫ >0 have left-sided turning points on the shock curve because the function x(y) is convex
at the intersection point at xǫ = κ α
1
α−1
(
1
2 ǫ
α+1
α−1
) 1
2
α+1
α−1
, that is x′′

y=Y(xǫ ) = κ (1+α)α
3
α−1
(
α+1
2 ǫ (α−1)
) 5+α
2 (α−1)
is positive. The solution
y(x) corresponding to equation (18) with λ2=1 consists of two branches, the lower branch and the upper branch, respectively,
with y lower or greater than yǫ =
(
2 ǫ (α−1)
α (α+1)
) 1
α−1
.
iii) λ2>1. The functionZ(x) starts from +∞ (Z(x)ր+∞ as xց0) and then it is monotonically decreasing until it attains 0
at x=+∞. The function F(x, y) is positive. The level lines F(x, y)=ǫ >0 have left turning points on the shock curve because the
function x(y) is convex at the intersection point.
C) Spiralling accretion for 0<γ<4 (α>1). For λ,0, the situation is substantially changed close to the center in comparison
with the radial flow. In this case the functionZ(x) is shown in figure 1 for some example value of γ. NowZ(x)ր+∞ as xց0,
then Z(x) is rapidly decreasing and attains some local minimum which can be negative for λ<λocl or positive for λocl<λ<λsfl
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Figure 4. α>1, β=3 (γ=4) ⋄ Radial and spiralling cylindrical accretion of polytropic matter in the power law potential illustrated with
example level lines of the energy surface, shown for various λ in the position-density (x, y) phase plane [upper row] and in the position-velocity
(x,w) phase plane [bottom row]: [1st column] radial accretion (λ=0), [columns 2nd,3rd,4th] spiralling accretion for 0<λ<1, λ=1 and λ>1,
respectively. The figures were prepared by assuming α< β
Figure 5. α=1, β=3 (γ=4) ⋄ Radial and spiralling cylindrical accretion of isothermal matter in the power law potential. The diagrams
correspond with the same parameters (for some υ>0) to respective diagrams in figure 4.
for some λocl and λsfl defined below. The minimum will be zero when bothZ=0 andZ′(x)=0. We call such point a stationary
osculating point. By solving these conditions for x and λ we obtain
xocl=
(
2 (α−1)
(α+1) (β−1)
(
1− γ
4
)) α+1γ
x⋆, λ2ocl=
γ
2 (β−1)
©­«
2 (α−1)
(α+1) (β−1)
(
1− γ4
)(
α κα−1
) 2
α+1
ª®¬
4
γ
−1
, 0<γ<4, x⋆=
1(
α κα−1
) 2
γ
.
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det [∂2ijF(xocl,Y(xocl))]>0, ∂x,xF(xocl,Y(xocl))=
2 β−1
α−1
(
α κα−1
) 2 (1+β)
γ(
2 (α−1)
(α+1) (β−1)
(
1− γ4
) ) 4αγ .
Because the determinant and trace of the Hessian matrix are both positive at the stationary osculating point, the point is also
a local minimum of the energy surface F(x, y). Next, Z(x) is increasing and attains a global positive maximum, then Z(x) is
decreasing andZ(x)ց0 as xր+∞. This situation is changed further for λ>λsfl. In the limit λ=λsfl both extrema coalesce and
become a single stationary inflection point ofZ. At such point bothZ′(x)=0 andZ′′(x)=0. By solving these conditions for x
and λ we obtain
xsfl=
(
1− γ
4
) α+1
γ
x⋆, λ2sfl=
γ
4
©­«
1− γ4(
α κα−1
) 2
α+1
ª®¬
4
γ
−1
, ǫsfl=
3−β
(α−1)(β−1)
λ2sfl
x2sfl
, γ <4.
det [∂2ijF(xsfl,Y(xsfl))]=0, Tr[∂2ijF(xsfl,Y(xsfl))]=
2
κ
( (
α κα−1
)β−1(
1−γ4
)α−1 )
3
γ (
Ξ+
1
Ξ
)
, Ξ=
2 κ
1+α
( (
α κα−1
)5−β(
1− γ4
)α+3 )
1
γ
This analysis shows that the number of shocks for 0<γ<4 is variable, depending on λ and is at most three. The corresponding
phase diagrams are shown in figure 6 together with the respective diagrams for the radial accretion.
D) Spiralling accretion for γ=0 (α>1, 1< β=3− 4
α+1 <3).
Similarly as it was for radial accretion with γ=0, we must consider three cases:
i) ακα−1<1. The functionZ(x) starts form +∞ (Z(x)ր+∞ as xց0) and then it is decreasing, attains its 0 at x0, then it still
decreases until it attains at xmin a global minimum ǫmin<0, where
x0=
©­«α−1α+1 λ
2
1− (α κα−1) 21+α ª®¬
α+1
4
, xmin=
(
α+1
α−1
) α+1
4
x0, ǫmin=−
(
1− (α κα−1) 21+α ) 1+α2
(α−1) λα−1 .
Then the function is increasing and Z(x)ր0 as xր+∞. As observed in section 3, the stationary point of the energy surface
at the minimum of the shock curve is elliptic. Solutions exist only for ǫ >ǫmin. For ǫmin<ǫ <0 the solutions are closed loops on
the (x, y) plane with shocks at convex xa and concave xb turning points, such that x0< xa < xmin< xb <+∞. For ǫ =0 there is a
limiting infinite loop on the right of shock point x= x0 with the limiting value y=0 at x=+∞ for subsonic and supersonic branch.
For ǫ >0 the asymptotics is different: y∼ κ
x
√
2ǫ
and w∼ √2ǫ for a supersonic solution and y→ y∞=
(
ǫ (α−1)
α
) 1
α−1
and w∼ κ
x y∞ for
a subsonic solution, and both solutions terminate at their common convex shock point 0< xa < x0.
ii) ακα−1=1. In this caseZ(x)= λ2
2x2
and ǫ >0. The single shock sonic point at xa=λ/
√
2ǫ is convex. Then the subsonic and
supersonic branch of any solution extend from the shock point out to infinity, similarly as it is for radial accretion with γ=0 and
κα−1>1.
iii) ακα−1>1 In this case there is still a single shock sonic point with level lines x(y) convex at that point. In this case the
centrifugal term does not change the phase diagram qualitatively compared with the radial accretion.
The corresponding phase diagrams for all the three cases are shown in figure 8 together with the respective diagrams for the
radial accretion.
E) Spiralling accretion for γ <0 (α>1, 1< β<3− 4
α+1 )
The function Z(x) starts from +∞ (Z(x)ր+∞ as xց0) and then it is decreasing, becomes negative and attains its global
minimum ǫ⋆(λ)<0 at some x= x⋆(λ) (corresponding to the stationary elliptic point of the energy surface) then it monotonically
increases until it attains 0 at spatial infinity. This behaviour is qualitatively the same as for radial accretion with γ <0. Hence, for
ǫ⋆(λ)<ǫ <0 two solutions exist in between two shock sonic points, or for ǫ >0, when there is only a single shock sonic point which
is a convex turning point, the solutions extend out to spatial infinity. Solutions are not possible for ǫ <ǫ⋆(λ). The corresponding
phase diagrams are shown in figure 9 together with the respective diagrams for the radial accretion.
We remind that the asymptotics at the spatial infinity of the positive energy solutions follows from the general results given in
equation (7) and (8).
6.2. Spiralling accretion for α=1 and β>1
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Figure 6. α>1, 3α−1
α+1 < β<3 (0<γ <4) ⋄ Radial and spiralling cylindrical accretion of polytropic matter in the power law potential. Example
level lines of the energy surface, shown for various λ about the critical value λsfl in the position-density (x, y) plane [upper row] and in the
position-velocity (x,w) plane [bottom row]: [1st column] radial accretion (λ=0), [columns 2nd,3rd,4th] spiralling accretion for 0<λ<λsfl,
λ=λsfl and λ>λsfl, respectively. The figures were prepared by assuming α< β (for α> β and λ=0 the radial velocity would diverge at x=0 and
for α= β attain a finite value at x=0 (not shown)).
Figure 7. α=1, 1< β<3 (0<γ <4) ⋄ Radial and spiralling cylindrical accretion of isothermal matter in the power law potential. The diagrams
correspond to respective diagrams in figure 6.
The Hamiltonian function in this case reads
F(x, y)≡ 1
2
κ2
x2y2
+
1
2
λ2
x2
− 1
β−1
1
xβ−1
+υ2 ln y, x>0, y>0, (19)
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Figure 8. α>1, 1< β=3− 4
α+1 <3 (γ=0) ⋄Radial and spiralling cylindrical accretion of polytropic matter in the power-law potential illustrated
with example level lines of the energy surface, shown in the position-density (x, y) and in the position-velocity (x,w) phase planes for various
κ: ακα−1<1 [upper row], ακα−1=1 [middle row], ακα−1>1 [bottom row]; density function for radial accretion (λ=0) [1st column], radial
velocity component for radial accretion (λ=0) [2nd column], density function for spiralling accretion (λ>0) [3rd column], and radial velocity
component for spiralling accretion (λ>0) [4th column].
Figure 9. α>1, 1< β<3− 4
α+1 (γ <0) ⋄ Radial and spiralling cylindrical accretion of polytropic matter in the power-law potential illustrated
with example level lines of the energy surface, shown in the position-density (x, y) and in the position-velocity (x,w) phase planes; 1st: density
function for radial accretion (λ=0), 2nd: radial velocity for radial accretion (λ=0), 3rd: density function for spiralling accretion (λ>0), 4th:
radial velocity for spiralling accretion (λ>0). The shock curve is shown with the dashed line.
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with υ being the (constant) speed of sound. It has the structure of general equation (14). On identifying K(x)= 12 κ
2
x2υ2
and
E(x)= 1
υ2
(
ǫ+ 1
β−1
1
xβ−1 − 12 λ
2
x2
)
we find that the exact solution in this case reads
y(x)=exp
[
1
υ2
(
ǫ+
x1−β
β−1 −
1
2
λ2
x2
)
+
1
2
W
(
− κ
2
x2υ2
exp
[
− 2
υ2
(
ǫ+
x1−β
β−1 −
1
2
λ2
x2
)])]
.
To obtain a complete level line we must take both real branches of function W . The phase diagrams for various parameters λ are
shown in figure 7 for α=1 and can be compared wih the respective diagrams for α>1 in figure 6. The shock curve corresponding
to the present F(x, y) reads
y=Y(x)= κ
υx
, Z(x)= 1
2
λ2
x2
− 1
β−1
1
xβ−1
−υ2 log(υ x
κ
)+ υ
2
2
, w(x,Y(x))=υ.
The y-dependent part in F(x, y) is bounded from below on the shock curve, hence the following inequality (analogous to that in
equation (6) obtained for α>1) is true for solutions:
υ2
2
−υ2 log( x υ
κ
)6 ǫ− 1
2
λ2
x2
+
1
β−1
1
xβ−1
(20)
This means thatZ(x)6 ǫ on the level lines y(x) satisfying the equation F(x, y(x))=ǫ . The condition is surely satisfied in the limit
x→+∞, hence the solutions may extend out to infinity. The asymptotics can be determined perturbatively, as it was done earlier.
The branch with y→0 and that with finite y as xր+∞ are following:
y(x)∼ κ
x
1√
2ǫ+υ2 ln 2x
2
κ2
, y(x)∼e ǫυ2
(
1+
1
(β−1)υ2
1
xβ−1
)
− 1
2υ2x2
(
λ2e
ǫ
υ2 +κ2e
− ǫ
υ2
)
.
The second branch can be also obtained by Taylor expansion from the principal branch of exact solution in terms of Lambert’sW
function. The inequality (20) is violated in the vicinity of the center for 1< β<3 and λ2>0, or for β=3 and λ2>1, and in these
cases the solutions cannot reach the centre. Similarly as for the power-law potential with α>1, the critical value β=3 (and then
also λ2=1) is distinguished. The behaviour of functionZ is qualitatively the same to that in figure 1. The stationary inflection
point is possible for functionZ(x) only for 1< β<3 and then the corresponding critical values are
λ2sfl=υ
2 β−1
3−β
(
3−β
2 υ2
) 2
β−1
, xsfl=
(
3−β
2 υ2
) 1
β−1
, ǫsfl=
υ2
β−1 ln
(
2 υ2
(3−β)e
( κ
υ
)β−1)
.
For λ2>λ2sfl there are no extrema and function Z(x) is monotonically decreasing. Then there is only a single shock point
corresponding to a given energy ǫ . The point is a convex turning point. For λ2=λ2sfl the root ofZ′(x) is double and there is only a
single shock sonic point for ǫ ,ǫsfl, while for ǫ =ǫsfl the subsonic and supersonic solutions corresponding to this energy coalesce as
they converge to the shock curve and meet at their end point (xsfl,Y(xsfl)) on the phase plane, which is a stationary parabolic point
of the energy surface. The two solutions form in the phase plane a characteristic cusp that can be seen in figure 7. Such a point
should be regarded as a regular sonic point, because the two solutions have a definite slope y′(x) in the limit xց xsfl. For λ2<λ2sfl
there are 2 roots of Z′ and hence a minimum followed by a maximum (because Z is rapidly decreasing for x small enough).
Since the Hessian determinant evaluated on the shock curve and Z ′′(x) share the same sign, det [∂2
ij
F(x,Y(x))]= 2υ4
κ2
x2Z′′(x),
the minimum and maximum are, respectively, a stationary elliptic point and a stationary hyperbolic point of the energy surface.
By comparing with the analogous analysis made in point C of section 6, we see that the structure of level lines as function of
λ should be similar to that of the power-law potential with α>1 and 0<γ<4, with the exception that now ǫ is not bound from
below. And this expectation is confirmed in figures 6 and 7.
7. SPIRALLING AND RADIAL ACCRETION IN THE LOGARITHMIC POTENTIAL (α>1, β=1)
7.1. Polytropic exponent α>1 (β=1, γ <0)
In this section we consider the accretion of polytropic matter onto an infinite homogeneous string. According to equations (2)
and (3) in this case the Hamiltonian function with the centrifugal potential reads
F(x, y)= 1
2
κ2
x2y2
+
1
2
λ2
x2
+ln x+
α
α−1 y
α−1, x>0, y>0. (21)
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The corresponding shock curve is
Z(x)= 1
2
λ2
x2
+
1
2
α+1
α−1
(
ακα−1
) 2
α+1 x−2
α−1
α+1 +ln x, x ∈(0,∞)\
(
x⋆= κ
α−1√
α
)
.
In what follows we investigate qualitatively the simpler case of radial accretion. For λ=0 equations (11) are still valid if we just
substitute β=1. Considering that now γ=2(1−α)<0, the sign of ∂2xxF and the sign of the Hessian determinant at the stationary
point are both positive. Therefore, the stationary point of the Hamiltonian is elliptic and a local minimum. The level lines crossing
the sonic shock curve are convex for x< x⋆ and concave for x> x⋆, as indicated by the sign of x′′(y) on both sides of x⋆:
x′′(y)|y=Y(x)=
1+α
κ2
{
ακα−1
} 3
α+1
{x/x⋆} α+5α+1
1−{x/x⋆}2 α−1α+1
.
Thus, we obtain qualitatively the same picture of closed integral curves as for radial accretion in a power-law potential satisfying
the same condition γ <0. The difference is that now there are no solutions extending out to the spatial infinity. The integration
constant ǫ is bounded from below by a number
ǫ⋆=Z(x⋆)= 1+α+2 lnα
2(α−1) +ln κ
which may be negative for κ >0 small enough. Accordingly, the critical accretion rate corresponding to the stationary point for
solutions with given specific energy ǫ is:
κ⋆=
1
α−1√α exp
(
ǫ− 1+α
2(α−1)
)
. (22)
The integral curves are now closed for every ǫ >ǫ⋆ sinceZ(x) diverges to +∞ both when xց0 or when xր+∞, while for ǫ <ǫ⋆
there are no solutions at all. It follows from these observations that for ǫ >ǫ⋆ there are two solutions - one subsonic and the other
supersonic, present between two shock points. The difference between the corresponding y(x) values of these solutions increases
with ǫ . In the limit ǫցǫ⋆ the accretion region reduces to x= x⋆. By adding the centrifugal term this qualitative result cannot be
changed – for large radii the logarithm term is still dominating in Z(x), while for small radii the centrifugal term takes over the
role of the second power-law potential term inZ(x).
The corresponding phase portraits for radial accretion (as well as for spiralling accretion) are shown in figure 10. They can
be compared with similar phase portraits for accretion in power-law potential under the same condition α>1 and γ <0 shown in
figure 9. It is also seen from figure 10 that the centrifugal term does not change the phase portraits qualitatively.
Figure 10. α>1, β=1 (γ <0) ⋄Radial and spiralling cylindrical accretion of polytropic matter in the logarithmic potential. Example level lines
of the energy surface, shown in the position-density (x, y) and in the position-velocity (x,w) planes. 1st: density function for radial accretion
(λ=0), 2nd: radial velocity for radial accretion (λ=0), 3rd: density function for spiralling accretion (λ>0), 4th: radial velocity for spiralling
accretion (λ>0). The shock curve is shown with the dashed line.
The problem of the spiralling and radial accretion in the logarithmic potential can be fully solved in analytical way. The exact
solution can again be given in terms of the LambertW . This time, we exchange the meaning of variables x and y in equations 14
and 15 and express the solution in the reversed form x(y):
x(y)=exp
[ (
ǫ− α
α−1 y
α−1
)
+
1
2
W
(
−
(
λ2+
κ2
y2
)
exp
[
−2
(
ǫ− α
α−1 y
α−1
)])]
,
where we must take both branches of the double valued function W to obtain a complete level line.
Cylindrically symmetric spiralling accretion 19
7.2. Radial and spiralling accretion in the logarithmic potential: α=1, β=1 (γ=0)
Figure 11. α=1, β=1 (γ=0) ⋄ Radial and spiralling cylindrical accretion of polytropic matter in the logarithmic potential illustrated with
example level lines of the energy surface, shown in the position-density (x, y) and in the position-velocity (x,w) phase planes for various υ: υ<1
[upper row], υ=1 [middle row], υ>1 [bottom row]; density function for radial accretion (λ=0) [1st column], radial velocity component for
radial accretion (λ=0) [2nd column], density function for spiralling accretion (λ>0) [3rd column], and radial velocity for spiralling accretion
(λ>0) [4th column]. The shock curve is shown with the dashed line.
According to equations (2) and (3), the Hamiltonian of the spiralling accretion with the logarithmic potential and unit polytropic
exponent is
F(x, y)= 1
2
λ2
x2
+
1
2
w
2−υ2 ln w
κ
+(1−υ2) ln x, w= κ
x y
. (23)
We start with simpler case of radial accretion (λ=0). There are two cases that can be distinguished qualitatively: υ=1 and υ,1:
i). For υ=1, it follows from constant value of the Hamiltonian, that the radial velocity w is also constant (if λ=0). For the
minimum value of ǫ which we denote here by ǫ˜ :
ǫ˜ =
1
2
+ln κ, (24)
there is a single regular solution at w=1=υ (sonic solution):
y(x)= κ
x
.
Since F→+∞ when wց0 or when wր+∞, then for ǫ = ǫ˜+δ2 there are two solutions bifurcating from the previous sonic
solution, one subsonic and the other supersonic. For δ small enough the solutions can be approximated by
y(x)= κ
x w±
, w±≈1±δ+1
6
δ2±O(δ3).
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Because y′(x)=− ∂xF
∂yF
=− y
x
,0, the accretion is regular with no shocks, either for sonic accretion (δ=0) and for supersonic or
subsonic accretion (δ>0).
ii). For υ,1, the energy surface has no stationary points. The derivative y′(x)=− ∂xF
∂yF
=− w2−1
w2−υ2
y
x
blows up on the shock curve
Y(x)= κ
υ x
, Z(x)= 1
2
υ2 ln
eκ2
υ2
+(1−υ2) ln x, (λ=0).
The image of the shock curve on the (x, y) plane overlaps with the sonic curve (since w=υ). For a given ǫ there is only one single
shock sonic point possible, which is located at
xa=exp
(
ǫ− 12υ2 ln eκ
2
υ2
1−υ2
)
. (25)
The shock point is a turning point of the corresponding level lines. The turning points are convex for υ>1 and concave for
υ<1, which follows from the sign of x′′(y)|y=Y(x)= 2υ4 x3κ2(υ2−1) as evaluated on the shock curve under the condition x′(y)=0 at
y=Y(x). Hence, the accretion is possible for radii x> xa if υ>1 and for radii x< xa if υ<1. These results for radial accretion
are summarised in table 1, while the phase portraits are shown in figure 11. In this figure we also show the corresponding phase
portraits for spiralling accretion. As we can see, in this case a second shock point appears for υ2<1 closer to the center. This
again can be easily explained. For λ=0 and υ2,1, functionZ(x) behaves as ln x and thus the single shock point for some ǫ is
concave. If we include the centrifugal term, the resultingZ is dominated by this term for small x and is divergent to +∞ at the
center, thus it must have a minimum. It is located at x=λ/
√
1−υ2, then we can verify that this point will be an elliptic point
of the Hamiltonian since the Hessian determinant evaluates to a positive number 4υ4(1−υ2)/κ2 at that point. For υ>1 no such
a minimum is possible. There is qualitative similarity of the phase portraits to those for accretion in power-law potential with
exponents α and β bounded by the same condition γ=0, see figure 8.
Finally, we give the exact form of the solutions valid for any λ. Based on what has been said in section 4.2 for equations of the
general form (14), we substitute y(x)=exp
(
1
2ω(x)+ 1υ2 (ǫ−ln x)
)
in equation (23) and find that ω eω=− κ2
υ2x2
exp
(
− 2
υ2
(ǫ−ln x)
)
.
Knowing that W(ω eω)≡ω by the defining property of the Lambert W function, we obtain
y(x)=exp
[
1
υ2
(
ǫ−ln x− 1
2
λ2
x2
)
+
1
2
W
(
− κ
2
x2υ2
exp
[
− 2
υ2
(
ǫ−ln x− 1
2
λ2
x2
)] )]
.
Due to the presence of two logarithms and power functions in equation (23) we can similarly obtain a solution in the reversed
form of the above solution
x(y)=exp
[
ǫ−υ2 ln y+ 1
2
W
(
−
(
κ2
y2
+λ2
)
exp
[
−2
(
ǫ−υ2 ln y
)] )]
.
In both above forms of the solution we must take both real branches of the double valued functionW in order to obtain a complete
level line.
8. CONCLUSIONS
We investigated cylindrically symmetric accretion of polytropic matter in the power-law and logarithmic potentials both for
zero angular momentum (radial flow) and non-zero angular momentum (spiralling flow). We analysed the character of the
flow solutions in the steady-state and ignoring self-gravity. The analysis was straightforward as it was tantamount to studying
the isocontours of the Hamiltonian of an equivalent dynamical system with one degree of freedom. We investigated also the
asymptotics of solutions. Similarly to the isothermal Bondi model, the isothermal radial accretion solutions could be expressed
in terms of the Lambert W function. This was also possible for spiralling flow solutions. Moreover, we found exact radial and
spiralling flow solutions in the logarithmic potential for arbitrary polytropic exponent. We presented also two simple exact radial
flow solutions with non-trivial phase diagram, see equations (12), and (18).
Within the range 16α6 53 of the polytropic exponent considered physical in the classical Bondi problem, the radial cylindrical
accretion differs qualitatively from the Bondi accretion. In particular, with these α values, the spherical accretion solutions may
extend to all of space with suitable accretion rate, whereas, for the counterpart cylindrical accretion solutions in the logarithmic
potential (β=1) the flow is spatially boundedbetween two shock sonic points. Thus, for β=1 andα>1 there are no global solutions
extending to all of space. Global solutions are possible in the logarithmic potential only for α=1, provided that the speed of sound
c precisely equals the velocity scale defined by the logarithmic potential, i.e. c=
√
G µ (with µ being the amount of mass per unit
length). Then, for the accretion rate not higher (or the specific energy not lower) than some critical value, the solutions may extend
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to all of space. It is interesting, that this kind of accretion distinguishes only α=1. For β>1, there is a number of qualitatively
distinct radial accretion solutions possible, depending on the model parameters – there can be both solutions with phase diagrams
resembling qualitatively the Bondi accretion or cylindrical radial accretion in the logarithmic potential. Formally, if we also allow
for the classical Bondi accretion with α higher than the critical value α=5/3, then we observe a correspondence between spherical
and cylindrical radial accretion solutions. Namely, there are three kinds of qualitatively different phase diagrams possible in each
case depending on the signature of the Hessian matrix evaluated at the stationary point of the Hamiltonian. For negative specific
energy, ǫ <0, solutions with the stationary elliptic point on the phase diagram are spatially bounded between two shock sonic
points, while for ǫ >0 there is a single shock sonic point and the solution extends from that point out to spatial infinity. In the
case of classical Bondi accretion, the phase diagram has stationary hyperbolic, parabolic or elliptic point for α<5/3, α=5/3
and α>5/3, respectively, while the three types of stationary points occur respectively for γ >0, γ=0 and γ <0 in the case of
cylindrical radial accretion, where γ≡4+(α+1)(β−3). In cylindrical symmetry one can choose β such that solutions with α>5/3
and with α<5/3 are possible, thus this value of polytropic exponent is not critical.
Of those solutions possible in the investigated accretion model, as physical should be considered both solutions without shock
points (corresponding to sub-critical accretion rates) as well as solutions with regular sonic points (without shocks) corresponding
to the critical accretion rate. Solutions with shocks are commonly regarded as unphysical. The description of shocks, likely to
involve energy dissipation processes, goes beyond the scope of the simple accretion model we are considering. In this model
shock points are boundary or turning points of solutions. Such solutions do not provide a spatially global description of the
accretion process.
Spatially global radial accretion solutions with β>1 are possible for properly chosen accretion rate, when the parameters α
and β satisfy the inequality γ>0 (at some positive specific energy, ǫ >0). For γ >0 at critical accretion rate there is a single
regular sonic point (i.e. with no shock), and when the accretion rate is higher than the critical one, the solution is bounded in
between two shock sonic points and the solution loses its global character. For radial accretion with γ=0, we obtain a cylindrical
counterpart of the Bondi accretion with the critical polytropic exponent α=5/3 and single shock sonic point. In the limit of the
critical accretion rate, the shock moves to the center. In effect we obtain a physical spatially global solution. When γ <0 then (at
positive specific energy, ǫ >0) there is always a single shock sonic point present that cannot be displaced to the center, as so the
accretion with such parameters should be considered as unphysical. For γ <0 (at negative specific energy, ǫ <0) there are two
shock sonic points and solutions may exist only in between the two shock sonic points and thus are also unphysical.
The class of investigated spiralling flow solutions (with non-zero angular momentum) seems astrophysically more relevant as
models of accretion disks. We think that the status of shock points for the spiralling accretion solutions is less clear than for the
radial accretion solutions, because the presence of shock points is generic for 1< β<3 (examples of spatially global solutions
without shocks can be seen for β>3 in figures 2 and 3). This qualitative observation easily follows from the inequality (6)
and (6) in the case of power-law potentials, and similarly this can be seen in the case of logarithmic potential. The centrifugal
potential deforms the phase diagrams close to the centre to such extent that solutions gain new features not observed for radial
solutions, like solutions with three shock sonic point or even solutions which rapidly end in a quasi-shock at some radius where
the density derivative or the radial velocity derivative still remain finite, as can be seen in the third column of figures 6 and 7.
Frequent occurrence of shocks in the accretion with non-zero angular momentum is physically clear due to the repulsive effect
of the centrifugal potential divergent as x−2 preventing matter from reaching the centre and dominates the attractive effect of the
power-law potential with β<3. If one accepts to regard a solution with a shock point as unphysical, then the question arises how
to interpret the generic occurrence of shocks for accretion with non-zero angular momentum? For solutions with interior gap, for
example like those in the bottom row of figure 11, the shock point could be interpreted as the interior boundary of the accretion
"disk". As to solutions with exterior boundary shocks points, for example like those in the upper row in figure 11, they should be
regarded as unphysical.
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